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Abstract: 

We discuss a Penrose limit of an elliptic brane configuration with iVj NS5 and N2 D4 branes. 
This background is T-dual to N% D3 branes at a fixed point of a C 3 /Zjv 2 singularity and the 
T-duality survives the Penrose limit. The triple scaling limit of Ni and N2 gives rise to II A 
pp-wave solution with a space-like compact direction. We identify the quiver gauge theory 
operators and argue that upon exchange of the momentum along the compact direction 
and the winding number these operators coincide with the operators derived in the dual 
type IIB description. We also find a new Penrose limit of the type IIB background and the 
corresponding limit in the type IIA picture. In the coordinate system we use there are two 
manifest space-like isometries. The quiver gauge theory operator duals of the string states 
are built of three bosonic fields. 
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1. Introduction 



Recently, new insight into the AdS / CFT correspondence has been achieved by considering 
a Penrose limit of the AdS background of type IIB string theory The limit for the 
AdS x S 5 background provides a maximally supersymmetric solvable pp-wave background 
|2|, ||, ||, |5| with string states related to a special subset of operators in the dual N = 4 gauge 
theory. These results were extended to other conformal and non-conformal backgrounds 
@, |, |, §, 0) EDI El- II- In particular, the Penrose limits of M = 2 quiver 



gauge theories were studied JO], 17, [l8|, 20]. These theories correspond to type IIB iVi 
-D3-branes at the fixed point of a C2/Zn 2 singularity |2l| (see ]^0| for more complicated 
orbifolds leading to M = 1 theories). Under the Penrose limit (around a geodesic lying away 
from the fixed point) the orbifolding of the original background gives rise to a compact null 
1 16, [17]] or a space-like direction |2C] and the related momenta has discrete values. The 
BMN operators on the gauge theory side are gauge invariant combinations made out of bi- 
fundamental and/or adjoint fields. There is a simple moose/quiver diagram representation 



of these operators. It turns out that this construction reveals an interesting feature [17]: 
the discrete momentum along a compact dimension is related to the winding number that 
the "string" of the fields winds around the moose diagram. Conversely, the gauge theory 
operators that describe string states with a non-zero winding number look very much like 
momentum states. Similarly to the BMN construction higher states of the supergravity 
are realized in the gauge theory by various insertion into the "string" of fields. 
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The maximally supersymmetric pp-wave solution has two null-like and 28 space-like 
Killing vectors. Remarkably, the aforementioned Penrose limits [16, 17, |l^, 2C] of the 
AdS§ x S ,5 /Zn 2 background are the same as the usual pp-wave background, except that a 
circle generated by one of the isometries is compactified. Moreover, the scaling limit of N\ 
and N 2 depends on the isometry, we are using p0| ]. In order to get a null-like circle with 
a finite radius like in WB, 17, ITS] one needs to scale Ni as N 2 (the double scaling limit), 



while the space- like circle compactified in [2C] has a finite radius if iVi scales as iV| (the 
triple scaling limit). 

Performing T-duality along one of the space-like circles [^] we get a type IIA pp-wave 
configuration. The string theory on this background was studied in [^] and [24]. In fact, 
it was shown in [24], that the T-duality is consistent also quantum mechanically and the 
two light-cone Hamiltonians have the same spectra. 



In this paper we argue that the type IIA pp-wave background of [22, 23] arises in the 
Penrose limit of the type IIA elliptic brane configuration [25|. This configuration describes 
iVi L>4-branes and N 2 A,S5-branes and is T-dual to the AdS§ x S' 5 /Zn 2 background. The 
fact that the T-duality survives the Penrose limit is not surprising. The commutation of 
T-duality and Penrose limit was pointed out in [26]. 

Since the gauge theory dual is the same for these two supergravity solutions, one 
may expect that the BMN operators constructed by using the type IIA description of 
the supergravity are "dual" to the related operators in the type IIB theory. Namely, the 
operator corresponding to a string state with a non-zero discrete momentum will look like 
a momentum operator, while the winding number of the state will be the winding number 



The type IIB 
SUGRA on 

AdS 5 x S 5 /Z N2 



PL 



T-duality 



The type IIA 
elliptic brane 
configuration 



PL 



The type lib 
pp-wave background. 

The ground state is 

\p + ; k, m). 



T-duality 



A subsector of the 
dual gauge theory. 
The BMN operator 
dual to the ground 
state has winding 
number k and 
"momentum" m. 



The type IIA 
pp-wave background. 

The ground state is \p + ; m, k). 



Figure 1: The T-duality of the type IIB and the type IIA solutions commutes with the Penrose 
limit. In the type IIB pp-wave background string states are characterized by the discrete momentum 
along the compact direction k and the winding number m and in the type IIA background the roles 
of k and m are being exchanged. In the quiver gauge theory the BMN operator dual to the ground 
state has the same "momentum" and winding number as those of the type IIA ground state. 
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that the BMN operator winds around the moose diagram. The web of Penrose limits and 
T-dualities is shown on figure |l[ 

We verify this proposal by taking a Penrose limit of the elliptic brane configuration. 
As we already noted the Penrose limit yields the type IIA pp-wave background discussed 
in [^, [24}| . We calculate the string spectrum including the winding modes around the 
space-like compact dimension. Both the bosonic and the fermionic light-cone Hamiltonians 
appear to be the same as in the T-dual type IIB background p(T|. Identifying the R- 
symmetry generators of the gauge theory with the related isometries of the supergravity 
solution we build the BMN operators related to various string states. These operators 



are essentially the same as in [2C] once we exchange the momentum the the winding 
number. One can determine the anomalous dimensions of these operators using the light- 
cone Hamiltonian on the supergravity side. The equivalence of the Hamiltonian in the type 
IIA and the type IIB descriptions becomes, therefore, an important consistency check. 
We also find a new Penrose limit of the type IIB background and its type IIA coun- 



terpart. The later is distinct from the Penrose limit of [20] in that the geodesic does not 
lie along the equator of S 5 . Due to the shift of the geodesic the pp-wave solution we find 
is not the same as in [2C]. In particular, the radius of the compact dimension is different 
and there are two "magnetic" terms in the metric. Each term gives rise to a massless mode 
along an appropriate direction and one of the momenta is quantized. These magnetic terms 
also give rise to non-trivial components of the spin connection. Plugging it together with 
the RR forms into the Green-Schwarz action we find a fermionic spectrum with two zero 
massless modes. The identification of the BMN operators is also modified. The operators 
related to the string ground states are constructed out of three gauge theory fields with 
one of them being the adjoint field & . Again, the duality between the string states and 



the BMN operators found in [17] for the type IIB description does not exist in the T-dual 
type IIA picture. 

In the next section we briefly review the results of |l(], |l7], [18L 20 1. Section 3 is 
devoted to the Penrose limit of the elliptic branes. The quantum spectrum of the resulting 
pp-wave background, the number of supercharges preserved by it, the compactness of 
various directions and other issues are discussed. In section 4 we construct the field theory 



operators describing the string states and compare them to the operators in [20| . In section 



5 we introduce a new "pair" of Penrose limits and discuss the pp- wave/gauge theory duality. 



2. Brief review of the Penrose limits of AdS^ x S 5 /Z 



jV 2 



Let us briefly review the results of pQ, 17, 16, [Tq| . In global coordinates the metric of 
AdS$ x S 5 /Zjv 2 can be written as: 

ds 2 = R 2 - dt 2 cosh 2 p + dp 2 + smh 2 pdVLi+ 

1 i (2.1) 

da 2 + cos 2 ad(3 2 + sin 2 a (d>y 2 + cos 2 jdx 2 + sin 2 jdrj 2 

where R = (Airg s l^.NiN2) 1 ^ and the second line is the metric of a S 5 embedded in a C 3 
space orbifolded with a Zjy 2 ALE singularity pi]] . The RR five form is the only 
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non-vanishing background field in this configuration. The orbifolding of S 5 is achieved by 
requiring a combined periodicity under 



2vr 2vr . , 

*^ + ivy ^-;vy (2 ' 2) 



The C 3 coordinates are related to the angles in the following way: 

z\ = Rcosae 1 ^, z 2 = Rsinacos^e 1 *, z 3 = i? sin a sin 7e" ? . (2-3) 

To obtain this background one places N± D3-branes at the fixed point of the singular space 
C 3 /Z N2 . 

There are two distinguishable Penrose limits in the problem with a null geodesic being 
based at the fixed point (a = 0) or away from it (a = %). In the first case one obtains a pp- 
wave metric with the Ztv 2 singularity in its transverse space, while the second case leads to 
the maximally supersymmetric pp-wave solution with eight equal world-sheet masses and 
constant RR five form, like in the regular AdS^ x S" 5 case with one important difference: 
the light-like direction x~ is compact: 

-> + 2-kR— (2.4) 
The radius R- = remains finite provided the large R limit is a double scaling limit: 

Ni ~ cr, N 2 ~ a, R 2 ~ a for a -> oo. (2.5) 

As a consequence there are states with a non-zero winding number m in the string spectrum 
and the light cone momentum P + is quantized in units of ■ On other hand, the light- 
cone Hamiltonian H = 2P~ is not affected by the compactness of x~ . 

The corresponding gauge theory is the Af = 2 SU(Ni) N2 quiver gauge theory (QGT) 
with SU(2)r x U(1)r R-symmetry. The z\, z 2 and 23 directions of the C 3 are related to 
the fields $/, Aj and Bj with the former in the adjoint of SU(N\)^ and the other two 
fields in the bi- fundamental representations (N\ , N\ ) and (N% ,N{). Identifying the global 
charges one finds that among these fields only A 1 has a zero H = 2P~ value, therefore 
the simplest gauge-invariant QGT operator related to the string theory ground state with 
m = and one unit of the light-cone momenta is proportional to: 

Tr (A l A N * . . . A N2 ) . (2.6) 

For arbitrary light-cone momentum one plugs k of these string "bits" into the trace. In 
the moose diagram representation this corresponds to the total string of A Ij s wrapping the 
moose exactly k times. Other string modes with H > are obtained by an appropriate 
insertion of the various fields along the string of A^'s. 

In 17, 18 1 the null geodesic lies at 7 = 0, the equator of the part in the S 5 metric. 



On the contrary, the authors of |2(J expanded the metric around 7 = j. Taking R — > 00 
together with: 
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_l_ tAy t-t/ T _i_ Jb T 

7T X 2 7T f r 

7= 4-iT a= 2"i?' (2 ' 7) 
they obtained the following pp-wave solution: 

/ 8 \ 8 



(is 2 = -4dx + dx~ — /i 2 I ^ x 2 - J (fx + + ^ dxi 2 + Afix 2 dxidx + , (2.8) 

\i=3 / i=l 

where X^j=5 x j = r2 an d x 2 + x 2 = ^ 2 and the RR five-form is: 

= 2/j, (dx\ A dx 2 A dx 3 A (fx 4 + dx 5 A <ix 5 A cix 6 A dx 7 ) A (fx + . (2.9) 
The combined periodicity of x an d r) implies that: 

x 1 = x 1 + 2vr^-. (2.10) 



Recalling the definition of R we see that in the triple scaling limit [20] 



Ni ~ cr, 2V 2 ~ o- 3 , i? 2 ~ a for a -> 00 (2.11) 

the direction xi is compact. As we already noted, this background is the same as the usual 
pp-wave solution, though one of the directions is compact. To make this statement clear 
it is useful to change the coordinates: 



Z =x +[1x1X2, Zi = xi for 7 = 3, •••,8 (2-12) 



and 



Z\ \ I cos(^x + ) sin(^x + ) \ ( x\ 
Z2 ) \ — sin(^x + ) cos(//x + ) I \ X2 



(2.13) 



The light-cone Hamiltonian, the light-cone momentum and the momentum along the com- 
pact direction are 

H = 1P-A-2J B , P*-^, fl-^. (2.14) 

where 



A = id t , J L = --(d x -d v ) and J R = --(d x + d n ). (2.15) 



^{d x -d v ) and J R = -- 

In particular, the Hamiltonian vanishes for the A and the B field, therefore the BMN 
operators related to the H = ground state are constructed out of both the A^s and 
the B^s. The difference between the number of ^4's and -B's in string bits is fixed by 
the quantized momentum along the compact dimension. Given that the A^'s transform in 
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the bi-fundamental representations (N^N 1 ) and the B s - in the (N^N 1 ), we conclude 
again that the value of the quantized momentum on the supergravity side is related to 
the wrapping of the moose diagram on the dual QGT side. We will come back to these 
operators, while discussing the BMN operators in the type IIA description. 

Before proceeding it is worth reviewing the string theory quantization in the back- 
ground (^^)- In the light-cone gauge x + = r the bosonic part of the light-cone action 
is: 



S B 



1 



■27Tl 2 aP + 

dr I da 

o 



^(d Q Xi) 2 + /i 2 ^xf + Anx2d aXl (2.16) 

.2=1 /=3 

The solution of the equations of motion of x 1 (J = 3 ... 8) are the usual expressions one 
obtain in the case of the maximally supersymmetric pp-wave: 



where 



x (t, a) = cos (/urj x H pi+ 



a, n e 



i \ U) n T+ 



V + 



n- 



The equations of motion of xi^(t, a) read: 



d a d a x + 1\xid T x = 0, 



(2.17) 



(2.18) 



(2.19) 



where x(t, a) = xi(r,a) + ix2(t, a). Solving this equation and allowing winding modes 
around the compact direction x\ we get: 



, . i Rim . 1 2 ,„_ 



_l . «v 

Vp 1 



, — l U) n T+- 2 , > 

lip+ i +ale V 



(2.20) 



The conjugate momenta of Xj's are: 

:J x 1 + 2/ix 2 



7T 



1 



2vr/r 



7T 



2vr/ 2 



7T~ 



2ttZ 2 ' 



(2.21) 



Imposing the commutation relations between x l, s and 7T l 's we obtain the following relations 
for the oscillators: 



[x,p] 



ao, a 



i i t 



d n , CL r , 



dn i 



(2.22) 
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and the bosonic part of the Hamiltonian reads: 



H 



where 



B 



2e>2 



m z R 
21^- 



8 oo 



l + 2nN + J2("n + »)N n + J2("n-»)N n + J2 Yl U " N *> ( 2 - 23 ) 



N 1 



(Xn.Ojr, 



7=3 n=— oo 



5 n a„, -AT, 



o — a o a o 



The fermionic part of the Hamiltonian is: 



H 1 



E 



.a=l 



Eh- f + Eh+? K 



a=5 



(2.24) 



(2.25) 



and we refer the reader to [20| for a detailed derivation of the fermionic spectrum. We 
will perform similar calculations, while deriving the fermionic spectrum of the IIA theory 
in the next section. 

An important comment is in order. We see that there is no quantized momenta in 
the expression for the compact boson x\. Notice, however, that the first commutation 
relation in (|2.22j ) and the compactness of x\ impose that p is quantized in units of 
The corresponding quantum number k amounts to the momentum quantization condition 
along the compact direction: 



/ 



k_ 



(2.26) 



As expected the Hamiltonian does not depend on k and there is an infinite degeneracy 
related to these modes. Finally, the constraint coming from the world-sheet energy mo- 
mentum tensor assumes the form: 



N n + N n + J2K + J2 F n a) 



1=3 



km. 



(2.27) 



3. The Penrose limit of elliptic branes 

An elliptic branes system consists of JV2 NS5 branes periodically arranged in a compact 



direction and iVi D4 branes stretched between them. Its near horizon limit 25] is: 



ds 2 = R 2 



dt 2 cosh 2 p + dp 2 + sinh 2 pdVL\+ 



+da 2 + cos 2 ad6 2 + \ sin 2 a(d8 2 + cos 2 



+ 



dY 2 



sin 2 q 



(3.1) 



with 



1 our RR 4- form differs by the factor of 2 from [E5| 
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= \B? cos 6dY A d§ A d<j> e* = g s ^ ,„ 

~ _ sin a (3.2) 

i?( 4 ) = -47riVi cos a sin 3 a cos 0da Ad9 Ad8 A d(f>, 

where in our notations the period of Y is 2tt ( ilT ^ 2 Nl ^ • This supergravity solution can 
be trusted only away from a = 0, where the dilaton is small. 

Following BMN we search for a geodesic at p = 0. Moreover, we restrict ourself to 
a geodesic with a = 1| leaving other possibilities to the upcoming sections. Taking the 
i? — > oo limit we use the following coordinates: 

tt x , 2x~ r ~ 2^2 

a= 2-iT t = ^ x P= R' = 1T' (33) 

- ( j) = fl x + , and ^ = ^r> 
In the PL the metric takes the form: 



/ 8 \ 8 

ds 2 = -4dx'dx + - /i 2 4X 2 . + x§ + x| + ^ xf- dx +2 + dx\ + dx\ + dx\ + dx\ + ^ cfx 2 

V r=5 / i=5 

(3.4) 

and the background fields are: 

H% = 2p, B®=2pc 2 , F% = -4tt^-4», e* = g s ^. (3.5) 

This background is exactly the T-dual of the type IIB solution ( ^Jj ) we discussed in the 
previous section. This is just as well, since the elliptic brane configuration at hand and 
the background considered by |2(| are T-dual and according to |^j the Penrose limit is 
expected to commute with the T-duality. Note, however, that this expectation fails to be 
true once we consider a T-duality along a null-like circle. In particular, it is not clear to 
us what is the T-dual counterpart of the Penrose limit presented in (lTj . 
The following comments are in order: 

• In order to keep both the dilaton and the 4-form finite as R — > oo we have to impose 
the same triple scaling limit as in the PL of type IIB background: 

JVi ~ a 3 , N 2 ~ a, R~ a for a -> oo. (3.6) 
We will return to this limit in the next section discussing the QGT coupling constant. 

• We easily verify that the only non-trivial equation of motion: 

R++ = T^" + e2 * 274! F+l > kF + " (3 - 7) 

is satisfied. Indeed, the 3-form and the 4-form contributions are 2p? and 8/i 2 re- 
spectively, therefore R++ = (1-4 -(— 1 -|- 1 H- 4)/x 2 = 10/i 2 matches perfectly with the 
forms. 
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The only massless space like direction x± is compact in the triple scaling limit with 
the compactiflcation radius 



Ri 



N2 ,2 
R s 



This is exactly the value predicted by the T-duality transformation. 



(3.8) 



This background preserves 24 supercharges p^| . To see that consider the dilatino 
variation. Since the only non-vanishing fields are and we have: 



= n (-r+ 12 a 3 + r+ 23 V) e = ^r_r 12 (1 + r 134 (^ 2 )) e 



(3.9) 



We see that there are two projection operators acting on e. Therefore, there are 



16 + 8 = 24 preserved supercharges (see [27| for a related discussion) 



3.1 The string spectrum of the pp-wave background 
3.1.1 Bosonic sector 



Now we will work out the spectrum of strings in the background (3.4.3 
cone gauge x + = r the bosonic part of the Lagrangian is: 



In the light 



-2tt1 2 s C b = - 
2 



^(a Q x i ) 2 + / u 2 (^x? + 4x^) +2^2^x1, (3.10) 
A=i 1=3 

where the last term is the contribution of the constant magnetic field. 

The solution of the equations of motion of x 1 for I = 3, . . . , 8 and the related quan- 
tization is the same as in the type IIB theory and we will skip it here. The equations of 
motion of x\p. read: 



J d\x x - 2fd a x 2 = 

\ d 2 a x 2 - 4f 2 x 2 + 2fd a xi = 0. 

To solve these equations we use the following expansions: 



(3.11) 



X2 



-CT + 



/ 2p+ n 



00 

(7n(T)e 



(Mr)e ma -/3 n (r) t e- i ^ 
- 7n(r) t e-™ CT 



00 

ina 



(3.12) 



Thus the equations for (5 n {r) and 7n(7") assume the form: 



W'n(r) - 0ln(r)) + n 2 (/3„(r) - + ^(7»(r) - 7-n(r)) = 



(ln(r) ~ 7lnV)) + ^ + V)(7n(r) - 7 l n (r)) 



2ifin 



(/3 n (r)-/3_ n (r)) = 



(3.13) 
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The last identity is valid only for and the correct expression for n = is: 



V2P 

We look for a solution in a form 



(7o(r)-7j (T)) + V( 70 (T)- 7 t(T)) 



raft 

+ 2^-^ = 0. (3.14) 



0n(r) = b n e~ l ^ T . 
From the equation for xi(r, a) one obtains the expression for r y n ( T ) 

2\ 



n 



6 n e-^" r for n / 



(3.15) 



(3.16) 



while the equation for Xi{t, <t) leads to a quadratic equation for u n with roots given by: 



n 



U 2 n = ~H+ \h 2 + 



n 



,-, j_ j --a r ' \; /' I , > _ ; (3-17) 

V v 2 p / 

Notice, that lo 2 vanishes for n = 0. This is a remnant of the translational invariance along 
x\. The expression for X\(t, a) takes the following form: 



mRi pi i 

xi(t, a) = , 9 z cr + xi + — r + 



P 2 VP" 1 



E4 



/2 



4y , + 



c.c. 



In order to write the result for X2 (t, a) we have to solve ( |3.14| ) : 



70 (t) -7o( r ) 



2v: 



MP" 1 



mRi 



Therefore: 



x 2 (r,cr) 



mRi 



+ — ^= (e- 2 ^ r a + e 2 ^ T a ) + 



+ 2v ^+ S , ,1/2 f a « 



e V ^ y +<e 



2„-V" T ~If? 



+ c.c. 



The conjugate momenta of xi and x 2 are: 



n 1 



and the quantum commutators are 



27T/2 



ii 2 



X2 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



xi(T,a),H l (T,a')\ =i5{a - a) [x 2 (r, a), n 2 (r, a')l = iS(a - a'). (3.22 
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Plugging the results for x\ and X2 one obtains the following relations for the oscillators: 



[xi,Pi\ = i, 



a 1 a 1 1 



2 2 t 

a n , a m 



and [ao,ao] 



(3.23) 



The bosonic part of the Hamiltonian is: 



H B = J da (n iXl - C B ) 

1 r27Tl 2 3 p+ 
4^f Jo 



J2{xf + xf ) + p 2 I x \ + 4 ^2 J + ^x 2 d aXl 



.i=l \I=3 
or using the mode expansions and the commutators: 



(3.24) 



H 



Pi 
2p+ 



1=3 n=—oo 



where 



(3.25) 



(3.26) 



Remarkably, this Hamiltonian is exactly the same as the light-cone Hamiltonian of the type 
IIB background. Indeed, the commutation relation between x\ and p\ and the compactness 
of the direction x\ imply the following quantum values of p±: 



k 

Pi = — for k £ Z. 



(3.27) 



Identifying k with the winding number m arising in the type IIB pp-wave solution and 
recalling the relation between the radii of the compact direction in the type IIA and the 
type IIB description we obtain that: 



n IIA — n IIB- 



3.1.2 Fermionic sector 

In the light cone gauge 

x + = T , T + A = 
the Green-Schwarz fermionic action is given by: 



(3.28) 



(3.29) 



q F 



47T/2 



dr da [(v al3 5 AB - e Q Ms) d a x + 9 A T + (V^f] , (3.30) 



where 9 A , A = 1,2 are two 10 dimensional spinors with different chiralities and a 1 are 
the Pauli's matrices. The generalized covariant derivative, V, in the type IIA supergravity 
reads: 
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T>p = dp + -8px~ 



(3.31) 



The four and the three-form have the components -F+234 an d #12+ turned on and all the 
components of the spin connection to vanish for the metric (|3.4|). This reduces the light 
cone action to: 



47T/2 



dr 



da 



^-d+e 1 + e 2 v~d + e 2 + 1 (^r-r 12 ^ 1 - e 2 r-r 12 e 2 ) 



(3.32) 



Following [2C] we use the light-cone condition T + 9 A = to rewrite the action in terms 
of the canonical eight-component spinors S Ab , b = 1, ... 8, which are defined by the relation 
T +-Q Aa = 2 1 /*p + ~ 1/2 S Aa . Now the action reads: 



°lc 



dr 



2tt1 2 P + 



da 



5 i ( a+ _ | 7 i2) 5 i + s 2 (a_ - | 7 12 ) s 2 + 2^y 34 s 2 



4*-*fp" j jo 

where 7*'s are 8x8 gamma-matrices. The equations of motion are: 



(3.33) 



(8+ - % 7 12 ) S 1 + ^ 7 234 5 2 = 
(8+ - f 7 12 ) S 2 - M7 234 5 1 = 



(3.34) 



To solve these equations we define S A = ~f l2 Y, A . The fields S 1 ' 2 obey the equations of 
motion in the usual pp-wave background f28||: 



- ^ 7 234 S 2 = 
d+Y? + / U7 234 E 1 = 



Thus the mode expansion of S s is: 



(3.35) 



S 1 = e^ 1 



7T 



S -Y,Cne- iUJnT (Sr. 



* ""-^S_ n e-* CT ) l+h.c. 
A* 



e ^p" 1 " + 



c2 s 
d = e 2 



7 T 



1 e -i^ i7 234 5o . 

v2 



V 34 E 



,, ( — (S^-^^e^" j J +h .,. 



(3.36) 

where c n = (1 + ^^7 n )~ 1//2 . In terms of S 1 and S 2 the fermionic part of the light-cone 
Hamiltonian is: 
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H 1 



Alll 2 ^ 



(It 



da ( S 1 ^ 1 + S' Z S 



2 62 



(3.37) 



and under the quantization we end up with 



(3.38) 



n=— oo 

This Hamiltonian is exactly the same as the fermionic Hamiltonian in the type IIB back- 
ground fl2Q||. In particular, using the fact that the eigenvalues of i^ 12 are ±1, each with 



multiplicity four, one can re- write the Hamiltonian in the form (2.25). 



4. The BMN operators in the dual QGT 

We now want to relate the string spectrum to states in the dual gauge theory. At energies 
below where R\ is the radius of the compact dimension, the gauge theory on the 

stack of Ni of D4-branes is a 3+1 dimensional M = 2SU(Ni) N2 quiver gauge theory (QGT) 
with a SU(2)r x U(1)r i?-symmetry group. Notice that the radius R\ is kept fixed in the 
triple scaling limit and we may use the four dimensional description. In 11 dimensions 
the elliptic branes system we discuss is realized as a M5-M5' branes configuration. One 
has N\ M5-branes with world-volume coordinates (0,1,2,3,4,5) and JV2 M5-branes with 
world-volume coordinates (0, 1, 2, 3, 6, 7). In this background the i?-symmetry corresponds 
to the 5C/(2)g9io x U{1)^ rotational invariance. In ten dimensions the SU(2) part of the 
i?-symmetry is realized by the d6 2 + cos 9 2 4> 2 term in the metric and the U(l) part is related 
to the rotational invariance along 9 direction. Therefore, we identify the SU(2)r Cartan 
current with = —id^ and the generator of U{1)r with Jg = —idg. The bosonic part of 
the gauge theory hyper- multiplets consists of two bi- fundamentals Aj in the (Ni,N\) of 
the SUiN^W x SUiN^V+V and Bi in the {N\,N X ). Moreover, (A, B) as well as (A, B) 
are doublets of SU(2)r and have zero charges under U(1)r. The third bosonic field $7 
comes from the vector multiplet and transforms in the adjoint of SU(Ni) 1 . This field is a 
singlet of SU{2)r and the U{1)r factor acts on it as phase rotations. The adjoint fields 
can be thought of as describing fluctuations of the D4 branes along the NS5 branes. The 
bi-fundamental fields are realized in the brane description as open strings stretched along 
the compact dimension between two adjacent NS5 branes. Thus, a shift by one period 
along the comact direction acts on the fields as: 



A*^A I+ \ B 1 —> jB j_1 . (4.1) 
In terms of the currents the world-sheet Hamiltonian and the momentum are: 

+ _ 1 _ 1., _ . dt _ A 
p - 2 p_ - 2 ta x - -i^ R2 - ^ R2 (4 2) 

H = - P+ = id x+ = n (A - 2 J ) + 0{R- 1 ) 

In particular, the triple scaling limit translates into: 
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A ~ 2J^ ~ R 2 ~ a 2 for a —* oo. 



(4.3) 



Following these observations we can summarize the quantum numbers of various bosonic 
fields: 





A 


Je 




H 


Aj 


1 





1 

2 





Bi 


1 





1 

2 





Aj 


1 





1 

2 


2 


Bi 


1 





1 

2 


2 


$i 


1 


1 





1 


<!/ 


1 


-1 





1 



The dictionary between the gauge theory and the string theory is much similar to the type 
IIB description [^] . The only difference is the identification of the momentum along the 
compact direction. In the type IIB picture p± is related to a generator of a U(l) symmetry, 
which rotates A and B in opposite directions. In the type IIA picture the discrete values 
of p\ are realized in the gauge theory as eigenvalues of the shift operator (4.1). 

We can write the prediction of the energy eigenvalues from free string theory using 
that: 



+ A 2J0 2J^ 

where gq GT = 4Trg s N2 is the QGT coupling constant in each gauge group factor. The 
expression for the frequencies u> n 's is: 



uj n = fx]l 1 + n 2 ^_ — ; (4.5) 

where J = 2J^. Plugging this result into the light-cone Hamiltonian one obtains H B and 
H F completely in terms of the gauge theory parameters |2Qp , 

Notice, that the coupling constant gQGT diverges in the triple scaling limit. As ex- 
plained in U in a slightly different context, due to various supersymmetry cancellations 

the relevant quantity that should be kept fixed is precisely 9qg J — -. It is straightforward 
to check that this value is indeed finite under our scaling and the prediction for the energy 
eigenvalues does make sense. 

The ground state in the gauge theory is parameterized by the winding number m and 
the momentum k along the compact direction. We will denote it by \k,m;p + ). According 
to the level matching condition there is no ground state with km ^ 0. For the later 
convenience we adopt the following notations: 
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• 





\ 




f ° 


o ... 





Bn 2 ^ 





A 2 ■ 









Bi 


o ... 
















B = 





B 2 










• 


• A N2 _ 


1 















• 





/ 




V o 


o ... 


Bn 2-1 


/ 



(4.6) 



and 



( $i 

$2 



••• $ 



\ 


at 2 y 



(4.7) 



where the blocks Aj,Bi,<&i are iVi x N\ matrices. We also need the shift and the clock 
matrices: 



U 



/0 1 •• 
001-- 

- 
\1 •• 



1 



and V 



(e o 

o # 2 



\ 








e JV 2 , 



(4. 



In this notation the shift operator ( |4,1| ) acts as: 

A U*AU, B -» U*BU, and * -> 



(4.9) 



We propose that the BMN operator describing a momentum state of the type IIA super- 
gravity is exactly the operator which is related to the winding string state \k = 0, m) IIB in 
the type IIB description. Namely: 



\k, m = 0) 



IIA 



Tr 



V k Grj (A,B;u 



(4.10) 



where u = 9 l l J and 



Q k ,l (A,B;oo r 



^/{K + L)\K\L\ s=Q 
Indeed, under Q4.1|) the operator transforms as: 



K+L-l 



\x=y=0- 



(4.11) 



Tr 



V k G,jj WAU^BUiw' 



Tr 



UV^foj A,B;w* 



e 2 ™^Tr 



V^j,j(A,B;a; fc 



(4.12) 
(4.13) 
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where we used cyclicity invariance of the trace, the basic properties of the clock and the 
shift matrices and the definition of 0. We further write the ground state with a non-zero 
winding number: 



G J+ ^N, j_rnN,(A,B;l) . (4.14) 



\k = 0, m) lIA ~ Tr 

In the type IIB description this operator describes the momentum state \k,m = 0) IIB 



The reader can find in [20| the full set of the BMN operators reproducing the string 
spectrum as well as the proof of the level matching, the normalization and the anomalous 
dimension calculation. Replacing the momentum number k and the winding number m 
one gets all of the BMN operators corresponding to the string states in the type IIA 
background. 

5. A new pair of Penrose limits 
5.1 IIB 



We start the background ( |2.1| ) and take the Penrose limit around the geodesic at a = \. 
We use the following coordinate transformation 



In the R — > oo limit we end up with a pp-wave metric which has two "magnetic" terms: 



/ 8 \ 2 8 

ds 2 = —4dx + dx~ — fj 2 dx + + ^^dx 2 + 4fiX2dxidx + + ^x^dx^dx + , (5.2) 

\i=5 / i=l 

where r 2 = ^/=5 X ?- Similarly to the a = ^ case the combined periodicity of x an d f] 
leads to: 

R 

xi = x\ + 27r^ — (5.3) 

^2 



and the compactification radius remains finite in the triple scaling limit ( 2.11] ) . One might 



use the coordinate transformation discussed in section 2 to re-write the metric in the 
conventional pp-wave form. One obtains this way eight world-sheet bosonic masses equal 
to fj, 2 . We will not apply this transformation since in new coordinates the isometry along 
the compact direction x\ is not manifest. Moreover, we want to keep the "magnetic" term 
4nx4dx^dx + , because the identification of BMN operators simplifies in these coordinates 
as we will see in the next section. 

The calculation of the bosonic spectrum follows the steps of section 2. The equations 
of motion of x 1,2,3 ' 4 (r, a) are: 
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d a d a X( l2 ) + nid T X(i2) = 0, d a d a x^ + ^i<9 T X( 34 ) = 0, (5.4) 

where X( 12 )(r, a) = x±(T,a) +ix2(r,a) and X( 34 )(t, <t) = £3(7", a) +ix4(r, a). The solutions 
are: 



Z(12)(T,<7) = + — T P2 + 



R\ m m 1 



2 W +^ 1 P sP + a + \w+)Vi e2t>lTao + 



+ 



/Ur. 



(5.5) 



and 



-(34) (T, a) = X 3 + + ij-^^Oo + 



E 



ITT ~T n V U; n 



, (5.6) 



where 



R{ 1B 



R 



and u) n = a U1 2 + 



V2N 2 1 V ^ 

The bosonic part of the light-cone Hamiltonian is: 



(5.7) 



m 2 R UB2 



+ J>„ - „) (#« + +^ W JV* (5.8) 

n^O 7=5 n=-oo 



where 



N^aWJ, Nt ] =a n aJ, = ~a n ~al = b n b n \ = 6„6+ . (5.9) 

As expected the Hamiltonian does not depend on pi and ps, with the former being quantized 
because of the compactness of x\. There is an infinite degeneracy related to these quantum 
momenta. In particular, the ground state is characterized by 

\k,m,p 3 ,p + ) , (5.10) 

where k is defined by p\ = -Jrm an d m is the winding number. In order to write down the 

1 

fermionic part of the Hamiltonian we recall that the generalized covariant derivative in the 
type IIB background is given by: 
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V f3 = d f 3 + -d/3X A 



r pCT - ^F XvpuK T x ^ia 2 T 



2-5! 



(5.11) 



and the non-vanishing components of the spin connection and the RR five-form are: 

W+12 = = -fi and F+1234 = F +5678 = 2/i. (5.12) 

Using the definition of the eight-component spinor S Ab given previously we get the fermionic 
part of the light-cone action: 



S? 



lc 



dr I da 

o 



s' (5 + -| 7 12 -| 7 34 ) S x + 

)S 2 2,/.S , - l2:il .V 



(5.13) 



Finding the mode expansions of S 1,2 and using it to re-write the fermionic part of the 
Hamiltonian we obtain: 



H F = £ St{u n + i^ + i^)s n . 



(5.14) 



n=— oo 

Since the eigenvalues of both i^f 12 and i^y are ±1, each with multiplicity four, and the 
two matrices commute, we may choose a suitable basis to arrive at: 

2 6 8 



H 1 



E 



(5.15) 

_a=l a=3 a=7 

Recalling that loq = [/,, we see that there are two fermionic zero-modes (a = 1,2) with 



vanishing energy. It means that the ground state (5.10) has an additional degeneracy due 
to the fermionic degrees of freedom. 

5.2 IIA 

Similarly to the type IIB metric we take the Penrose limit around the geodesic at a = ?. 
The following coordinate transformation does the job: 



t = fix + 



2x- 



a 



IT 

4 



fix + 



X3 



1 



= 2v^f. 
R 



Y 



R' 2 Y ~ 

1 X\ 



fix 
P 



X3 

R' 



r 
R 



In the R — > oo limit we find a pp-wave metric with one "magnetic" term: 



(5.16) 



ds 2 



-Adx + dx~ - fi 2 I 4x2 + E ) dx+2 + E dxi<2 + 4ftx i dx 3 dx + , (5.17) 



1=5 



i=i 



where r 2 = Yli=5 x / an d the other fields are 
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H% = 2», B$ = 2» X2 , F% A = -4vr§ • e* = v^f . (5.18) 
and this background also preserves 24 supercharges. Again, the x\ direction obeys 

x x = xi + 2n-^-P (5.19) 
V2R 



and this background is a T-dual of the type IIB solution ( |5.2| ). 

The calculation of the string spectrum in this background is straightforward. The part 
of the Hamiltonian related to the bosons X3 and X4 is the same as in the T-dual case, while 
the part consisting of X\ and x 2 appears in the type IIA a = ^ case. The bosonic part of 
the Hamiltonian is equal to: 



8 00 

n^O 1=5 n=—oo 



where 



To find the fermionic spectrum note, that the forms depending part of the type IIA covari- 
ant derivative is not modified. There is, however, a non-vanishing component of the spin 
connection: 

= — M- (5.22) 
After some algebra one verifies that the fermionic part of the Hamiltonian matches the 



type IIB result (5.14). To summarize, the string spectra in the type IIA and the type IIB 



backgrounds are the same. 



5.3 The BMN operators 



In our Penrose limit the type IIA dictionary ( |4.2j ) between the string theory and the QGT 
is modified according to Q5.16 ): 



r , H = ^{A-J e -2J^) and p 3 = -id X3 = J& . (5.23) 



fiR^ ry 9J " X3 R 

Again, the shift along the compact directions acts on the fields according to (|4.1| ). In the 
type IIB background the dictionary follows from (|5,1|): 
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and 



H = (j, (A — id x — id v — idp) 



M(A- 2 J) 



P3 



id x — id v + id/3 _ J3 

R = ~R 

(5.24) 



Pi 



idr. 



/-2Ji _ k 
V R ~ R\™ 



V2 



kN 2 



(5.25) 



R R R[ lB R 

We recall that the fields <3?,A and B are respectively identified with the coordinates z\,z<2 



and Z3 defined in (2.3). One can easily find the corresponding eigenvalues of Ji_3 using 
these relations. In particular, the following identification hold: 



id/3 ~ Je and id x + id v ~ 2J<^. (5.26) 
We summarize the quantum numbers of the bosonic fields in the following table: 





A 


Je 


J<j> 


J 




Ji 


J3 


A! 


1 





1 

2 


1 

2 





1 

2 


-1 


Bi 


1 





1 

2 


1 

2 





1 
2 


-1 


A! 


1 





1 

2 


1 
2 


2 


1 
2 


1 


Bi 


1 





1 
2 


1 
2 


2 


1 

2 


1 


$1 


1 


1 





1 

2 








1 


$1 


1 


-1 





1 
2 


2 





1 



As we already mentioned Jq and are generators of the SU(2)r x U{1)r supersymmetry 
group. On other hand, J\ is a generator of an additional U(l) symmetry, which is not an 
i?-symmetry. It rotates A and B in opposite directions: A — > Ae l5 and -B — ► Be lS . Because 
of the orbifolding, having 5 = j^- brings us back to the same point. This agrees with an 



identification made in ( 5.25| ): 



2Ji = kN 2 . (5.27) 

The fermionic sector of the N = 2 QGT consists of four different four-dimensional spinors: 
ipi are the gauginos, XAj and XBj are the fermionic superpartners of Ai and Bi in the 
M = 1 hyper- multiplets and are the fermionic partners of The fermionic quantum 
numbers are: 





A 




J<f> 


J 


H 


XAi 


3 
2 


1 
2 





1 

2 


1 


XBi 


3 
2 


1 

2 





1 

2 


1 


XAj 


3 
2 


1 
2 





1 

2 


2 


XB T 


3 
2 


1 
2 





1 

2 


2 


4>$i 


3 
2 


1 
2 


1 

2 


1 

2 


2 


4>®i 


3 
2 


1 

2 


1 

2 


1 

2 


1 


ipi 


3 
2 


1 

2 


1 

2 


3 
2 


3 


ipi 


3 
2 


1 

2 


1 
2 


3 
2 
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We construct further the BMN operator related to the string theory vacuum state. To this 
end the generalization of ( |4.11| ) is required: 



g K ,L,M (A,^,B;u; m ) = 



K+L+M-l 



^d L y df n 



uj~ s/2 xA + + u s/2 zB J | x ,» «45.28) 



(K + L + M)\K\L\M\ _ : n 

Using this notation a momentum state in the type IIB pp-wave background is related to: 



|fc,m = 0) IIB ~ Tr 



(5.29) 



and we remind that k = 2-^-. In the type IIA picture this operator describes a winding 
state: 



| k = 0, rn) IIA ~ Tr 



e?1 (J-J 3 )+^,J+J 3 ±(J-J 3 )-^ 



(A,*,B;1 



L 2 ^ J ' 1 2 ' 1 J ' 2 

Similarly, the type IIB winding mode is given by: 



\k = 0, m) 



IIB 



Tr 



v rn g 



(5.30) 



(5.31) 



One can act on these ground states with two massless fermionic zero-modes (see the dis- 
cussion following ( 5 . 1 5| ) ) . In view of the fermionic quantum numbers we find that tpi is the 
only fermionic field with H B = 0. Inserting one of the components of rp into the trace we 
reproduce an appropriate string zero mode state. 

We turn now to the massive zero mode states in the string theory. In the bosonic 
sector there are eight massive zero modes: two states created by and 6q with H = 2/i 
and four states with H = \i created by a\ (J = 5, ... 8). The later are given by: 



a\\k,m = 0} 



IIB 



Tr 



Z ^i(j-j 3 )+ji,j+j 3 i(j-j 3 )-Ji ( A > *i B ; !) 



(5.32) 



where 



Zi = Di_ 5 for i = 5, . . . , 8 (5.33) 

and Di is understood to act on A, B or $ to the right of it. The fifth zero mode is obtained 
by the insertion of $ into the trace and there is a perfect agreement between the zero mode 
energy H = 2fi and the H = fi(A — J) eigenvalue of the field. The last sixth zero mode is 
realized by acting on the ground state with an operator [pOj]: 

V ~ Ad B - Bd A . (5.34) 

Namely, one inserts the operator AB — BB into the ground state in a totally symmetric 
way. Again, the energy H = 2/i matches the dimensions of the A and B. 

The construction of various non-zero string state by proper insertion of "impurities" 
into the ground state as well as the check of the level matching condition, the normalization 



of the operators and other related issues are quite similar to [20] and we will not perform 
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it here. Note that provided any operator in the type IIB description one obtains the type 
IIA operator by simple replacement of the momentum number k and the winding number 
m. The string theory prediction of the energy eigenvalues of these operators is given by 
§~J) or ( pCp : 



H 



B 



_ _ m 2 9QGT , OAr (a) 

H 2N 2 J 



+ 2iV (a) + + £ I l + + 



n- 



, 9qgt N 2 
4J 2 



N (a) +N (P)) + 



ttF 00 

— = E 



\ V / /=5n=-oo ' 



0=1 



a=3 



El 1 + \/ 1+n2 %^) F »° , 



a=7 



(5.35) 
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